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HOMOGENEOUS QUATERNIONIC KÄHLER
STRUCTURES AND QUATERNIONIC
HYPERBOLIC SPACE
M. CASTRILLÓN LÓPEZ, P. M. GADEA, AND A. F. SWANN
Abstrat. An expliit lassiation of homogeneous quaternioni
Kähler strutures by real tensors is derived and we relate this to the
representation-theoreti desription found by Fino. We then show
how the quaternioni hyperboli spae HH(n) is haraterised by
admitting homogeneous strutures of a partiularly simple type.
In the proess we study the properties of dierent homogeneous
models for HH(n).
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1. Introdution
Representation theory has been suessfully applied to the lassi-
ation of various geometri strutures on dierentiable manifolds in a
number of dierent settings, inspired by the initial work of Gray &
Hervella [21℄ for almost-Hermitian strutures.
In the present paper, we rst give a lassiation of homogeneous
quaternioni Kähler strutures by real tensors. Quaternioni Kähler
manifolds are haraterised by having holonomy in Sp(n) Sp(1), n > 2,
and are Riemannian manifolds whose metris are Einstein. Many ho-
mogeneous examples are known following the work of Wolf [33℄, Alek-
seevsky [3℄, de Wit & van Proeyen [15℄ and Cortés [14℄, although a
full lassiation has not yet be found. We hope that some of the
tehniques of this paper will eventually lead to progress on this prob-
lem. A brief summary of the rle played by homogeneous quaternioni
Kähler strutures in theoretial physis is provided at the end of this
introdution.
Homogeneous Riemannian strutures were studied systematially by
Ambrose & Singer [5℄ and Trierri & Vanheke [29℄ in terms of tensors
on manifolds. In [16℄, Fino speialised their results to the quaternioni
Kähler ase, giving the abstrat representation-theoreti deomposition
of the spae V of tensors satisfying the same symmetries as a homoge-
neous quaternioni Kähler struture. Our rst main result is a onrete
desription of this deomposition in terms of real tensors. After estab-
lishing some preliminaries in 2, we give (3) a onrete orthogonal
deomposition of V into ve subspaes QK1, . . . , QK5 invariant un-
der the ation of Sp(n) Sp(1) and whih we then relate to Fino's in
Theorem 3.15.
The rst three modules in V are distinguished by the fat that their
dimensions depend only linearly on n = dimM/4. We therefore single
these out for speial attention. By studying the interation of the
homogeneous tensor with the quaternioni urvature we nd in 4 that
non-trivial homogeneous quaternioni Kähler strutures in QK1+2+3
are neessarily of type QK3 and that a manifold admitting suh a
struture has the urvature of quaternioni hyperboli spae.
This prompts us to study dierent homogeneous models for qua-
ternioni hyperboli spae HH(n) in 5. We rst reall how Witte's
rened Langlands deomposition of paraboli subgroups may be used
to determine all the onneted groups ating transitively on a non-
ompat symmetri spae, and speialise to the ase of HH(n). From
the point of view of Lie groups, the simplest model of HH(n) is as the
solvable group AN in the Iwasawa deomposition Sp(n, 1) = KAN .
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However, the tensorial desription of this struture turns out to be
rather ompliated, being of type QK1+3+4. The trivial homogeneous
tensor orresponds to the desription ofHH(n) as the Riemannian sym-
metri spae Sp(n, 1)/(Sp(n) × Sp(1)). We nd that the strutures of
type QK3 arise from a partiular homogeneous desription of HH(n) as
Sp(1)AN/ Sp(1) with the isotropy representation depending on a pos-
itive real parameter λ. In addition to the Lie-theoreti approah, we
provide a onrete desription of this geometry on the open unit ball
in Hn. The results ontrast strongly with the ase of real hyperboli
spae studied by Trierri & Vanheke [29℄, where the desription as a
solvable group is partiularly simple.
Combining the omputations and onstrutions of setions 4 and 5
we arrive at the following haraterisation of HH(n).
Theorem 1.1. A onneted, simply-onneted, omplete quaternioni
Kähler manifold of dimension 4n > 8 admits a non-vanishing homoge-
neous quaternioni Kähler struture in the lass QK1+2+3 if and only
if it is the quaternioni hyperboli spae.
In this ase, the homogeneous struture is neessarily of type QK3.
Earlier versions of some of the results of this paper were announed
in [12℄.
We reall that hyperKähler and quaternioni Kähler spaes appear
in various ontexts in eld and string theory. For instane, they are
found in the formulation of the oupling of matter elds in N = 2
supergravity; that is, ouplings of n spin multiplets to supergravity
with two independent supersymmetri transformations. Eah multiplet
onsists of 4 real salars and 2 Majorana spinor elds. The 4n real
salars parameterise a 4n-dimensional real manifold M endowed with
a Riemannian metri suh that the kineti part of the Lagrangian reads
as a non-linear sigma model from the spae time toM ; i.e., a harmoni
Lagrangian. This manifold is alled the target manifold of the model.
Physial and topologial onsiderations fore the holonomy group
of M to be a subgroup of Sp(n) (that is, M is hyperKähler) if the
gravity is onsidered as a bakground eld, or Sp(n)Sp(1) (that is,
M is quaternioni Kähler) if the gravity is onsidered as a dynamial
eld. The former ase is alled global supersymmetry and the latter
loal supersymmetry. We refer the reader to, for example, [4, 6, 13, 15℄.
On the other hand, the only sigma models known to be integrable
are those whose target manifold is a homogeneous manifold (for ex-
ample, see [10℄). Therefore, it seems reasonable the existene of links
between the lassiation of homogeneous strutures and a possible
lassiation of some physial strutures and models. In fat, it would
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be of interest to translate into physial terms eah of the lasses QKi
(f. Theorem 3.15), the lasses obtained by diret sum of these and the
orresponding mathematial strutures. Moreover, as N = 2 super-
symmetri non-linear sigma models require non-ompat target man-
ifolds, the haraterisation of quaternioni Kähler hyperboli spae, a
paradigm of non-ompat spaes, in terms of homogeneous strutures
ould reveal interesting information of the aforementioned translation.
2. Preliminaries
2.1. Ambrose-Singer equations. Let (M, g) be a onneted, simply-
onneted, omplete Riemannian manifold. Ambrose & Singer [5℄ gave
a haraterisation for (M, g) to be homogeneous in terms of a (1, 2)
tensor eld S. The tensor S is usually alled a homogeneous Riemann-
ian struture, and a thorough study of these was made by Trierri &
Vanheke in [29℄ and a series of papers by these authors and their ol-
laborators. If∇ denotes the Levi-Civita onnetion and R its urvature
tensor, then one introdues the torsion onnetion ∇˜ = ∇− S whih
satises the Ambrose-Singer equations
(2.1) ∇˜g = 0, ∇˜R = 0, ∇˜S = 0.
The manifold (M, g) above admits a homogeneous Riemannian stru-
ture if and only if it is a redutive homogeneous Riemannian manifold.
This means that M = G/H , where G is a onneted Lie group ating
transitively and eetively onM via isometries,H is the isotropy group
at a base point o ∈M , and the Lie algebra g of G may be deomposed
into a vetor spae diret sum g = h + m, where h is the Lie algebra
of H and m is an Ad(H)-invariant subspae, i.e., Ad(H)m ⊂ m. As G
is onneted and M simply-onneted, H is onneted, and the latter
ondition is equivalent to [h,m] ⊂ m.
Conversely, let S be a homogeneous Riemannian struture on a
omplete Riemannian manifold (M, g) that is onneted and simply-
onneted. We x a point o ∈ M and put m = ToM . If R˜ is the
urvature tensor of ∇˜, we an onsider the holonomy algebra h˜ of ∇˜ as
the Lie subalgebra of skew-symmetri endomorphisms of (m, go) gen-
erated by the operators R˜XY , where X, Y ∈ m. Then, aording to
the Ambrose-Singer onstrution [5, 29℄, a Lie braket is dened in the
vetor spae diret sum g˜ = h˜+m by
(2.2)


[U, V ] = UV − V U, U, V ∈ h˜,
[U,X ] = U(X), U ∈ h˜, X ∈ m,
[X, Y ] = SXY − SYX + R˜XY , X, Y ∈ m.
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One alls (g˜, h˜) the redutive pair assoiated to the homogeneous Rie-
mannian struture S. The onneted, simply-onneted Lie group
G˜ whose Lie algebra is g˜ ats transitively on M via isometries and
M ≡ G˜/H˜, where H˜ is the onneted Lie subgroup of G˜ whose Lie
algebra is h˜. The set Γ of elements of G˜ whih at trivially on M is a
disrete normal subgroup of G˜, and the Lie group G = G˜/Γ ats tran-
sitively and eetively on M as a group of isometries, with isotropy
group H = H˜/Γ. Then, there exists a dieomorphism ϕ : G/H → M
and (M, g) is (isometri to) the redutive homogeneous Riemannian
manifold (G/H, ϕ∗g).
2.2. Homogeneous quaternioni Kähler strutures. We reall
that an almost quaternioni struture on a C∞ manifoldM is a rank 3
subbundle υ of the bundle of (1, 1) tensors onM , suh that there loally
exists a basis J1, J2, J3 satisfying the onditions
(2.3) J21 = J
2
2 = J
2
3 = −I, J1J2 = −J2J1 = J3, et.
Here and throughout the rest of this paper, `et.' denotes the equations
obtained by ylially permuting the indies.
Suh a basis is alled a standard loal basis of υ in its domain of
denition. Then, (M, υ) is alled an almost quaternioni manifold,
and M has dimension 4n, with n > 1. On any almost quaternioni
manifold (M, υ), there is a Riemannian metri g suh that g(σX, Y ) +
g(X, σY ) = 0, for any setion σ of υ. Then, (M, g, υ) is alled an
almost quaternion-Hermitian manifold. It is known that M admits
an almost quaternion-Hermitian struture if and only if the struture
group of the tangent bundle TM is reduible to Sp(n) Sp(1) (f. 3.2).
Let J1, J2, J3 be a standard loal basis of υ and let
ωa(X, Y ) = g(X, JaY ), a = 1, 2, 3.
These are loal dierential forms, but the dierential 4-form Ω =∑3
a=1 ωa ∧ ωa is known to be globally dened. Note that we have
(2.4) g(JaX, JaY ) = g(X, Y ), a = 1, 2, 3.
The manifold is said to be quaternioni Kähler if ∇Ω = 0 or, equiv-
alently, one has loally [22℄ that
(2.5) ∇XJ1 = τ 3(X)J2 − τ 2(X)J3, et.,
for ertain dierential 1-forms τ 1, τ 2, τ 3.
In the present paper we shall onsider quaternioni Kähler manifolds
of dim > 8 and non-zero salar urvature (see [9, 27, 28℄).
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Denition 2.1. ([4, p. 218℄) A quaternioni Kähler manifold (M, g, υ)
is said to be a homogeneous quaternioni Kähler manifold if it admits
a transitive group of isometries.
Remark 2.2. Conerning isometry groups, the situation for quater-
nioni Kähler manifolds is rather dierent from that for Kähler (see [1,
p. 375℄). In fat, a quaternioni Kähler manifold M with dimM > 8
and non-zero salar urvature is, even loally, irreduible [7℄, and its
Rii tensor is nowhere zero. Thus, by a theorem of Kostant [25℄, a
transitive group of isometries indues the Lie algebra of the restrited
holonomy group, and thus preserves Span{J1, J2, J3}, sine eah Ja be-
longs to the Lie algebra of the holonomy group (see [9, p. 407℄).
On the other hand, we have the following Corollary of Kiri£eno's
Theorem [23℄ (see also [5, 16℄).
Theorem 2.3. A onneted, simply-onneted and omplete quater-
nioni Kähler manifold (M, g, υ) is homogeneous if and only if there
exists a tensor eld S of type (1, 2) on M satisfying
∇˜g = 0, ∇˜R = 0, ∇˜S = 0, ∇˜Ω = 0,
where ∇˜ = ∇− S.
Suh a tensor S is alled a homogeneous quaternioni Kähler stru-
ture on M .
The equation ∇˜Ω = 0 is equivalent, under ∇˜g = 0, to the existene
of three dierential 1-forms τ˜ 1, τ˜ 2, τ˜ 3 suh that
(2.6) ∇˜XJ1 = τ˜ 3(X)J2 − τ˜ 2(X)J3, et.
Combined with (2.5), the previous formulæ yield
(2.7) SXJ1Y − J1SXY = π3(X)J2Y − π2(X)J3Y, et.,
for πa = τa − τ˜a, a = 1, 2, 3. Writing as usual SXY Z = g(SXY, Z), we
have that
(2.8)
SXJ1Y J1Z − SXY Z = π3(X)g(J2Y, J1Z)− π2(X)g(J3Y, J1Z), et.,
whih together with the ondition SXY Z = −SXZY , are the symmetries
satised by a homogeneous quaternioni Kähler struture S.
Note moreover that SX ats as an element of the Lie algebra sp(1)⊕
sp(n) on TpM , for any p ∈M . In fat, from the denition of Sp(n) Sp(1)
(see (3.7) below), an element U ∈ sp(1)⊕ sp(n) is haraterised by the
ondition U ◦ Ja − Ja ◦ U = mbaJb, for a matrix (mba) ∈ so(3). Equa-
tion (2.7) shows that this is indeed satised by S.
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2.3. Fino's lassiation. Let E denote the standard representation
of Sp(n) on C2n. This representation is quaternioni, meaning that it
arries an anti-linear endomorphism j that ommutes with the ation
of Sp(n) and satises j2 = −1. Write SrE for the rth-symmetri power
of E, so S2E ∼= sp(n)⊗ C, and let K be the irreduible Sp(n)-module
in E ⊗ S2E = S3E +K + E, (K is of highest weight (2, 1, 0, . . . , 0)).
Take H to be the standard representation of Sp(1) ∼= SU(2) on C2,
then S2H ∼= sp(1) ⊗ C and S3H is the 4-dimensional irreduible rep-
resentation of Sp(1).
Homogeneous quaternioni Kähler strutures are lassied from a
representation-theoreti point of view as follows.
Theorem 2.4 (Fino [16, Lemma 5.1℄).
T (V )+ = [EH ]⊗ (sp(1)⊕ sp(n))
∼= [EH ] + [ES3H ] + [EH ] + [S3EH ] + [KH ].
Here, [V ] denotes the real representation whose omplexiation
is V , sums are diret, and the tensor produts signs are omitted, that
is, one writes EH instead of E⊗H , and so on. We shall writeQK1, . . . ,
QK5 for the ve Fino lasses in the above order, whih diers slightly
from Fino's. Thus QK1 = [EH ] ⊂ [EH ] ⊗ sp(1), et. We also write
QKi+j for QKi +QKj , et.
2.4. Some onventions. We shall use the following onventions for
the urvature tensor of a linear onnetion of a Riemannian manifold
(M, g):
RXY Z = ∇[X,Y ]Z −∇X∇Y Z +∇Y∇XZ,
RXY ZW = g(RXYZ,W ), RXY (Z,W ) = RXY ZW .
We denote the Rii tensor by r and the salar urvature by s. We write
ν = s/4n(n + 2) for the redued salar urvature of a 4n-dimensional
Riemannian manifold. In addition, the Einstein summation onvention
for repeated indies is assumed.
3. Classifiation by real tensors
3.1. The spae of tensors. Let (V, 〈·, ·〉 , J1, J2, J3) be a quaternion-
Hermitian real vetor spae, i.e., a 4n-dimensional real vetor spae
endowed with an inner produt 〈·, ·〉 and operators J1, J2, J3 satisfying
(2.3) and (2.4). Suh a spae V is the model for the tangent spae
at any point of a quaternioni Kähler manifold. Consider the spae of
tensors
T (V ) = {S ∈ ⊗3V ∗ : SXY Z = −SXZY }
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and the vetor subspae V of T (V ) dened by
V = {S ∈ ⊗3V ∗ : SXY Z = −SXZY , ∃πa ∈ V ∗ s.t. S satises (2.8) }.
Any homogeneous Riemannian struture on M belongs to T (TpM)
pointwise, whereas homogeneous quaternioni Kähler strutures are
pointwise in V. We wish to expliitly deompose V.
For eah element S ∈ V onsider the tensor
(3.1) ΘSXY Z =
1
2
πa(X) 〈JaY, Z〉 ,
whih up to a fator −4 is the sum of the right-hand sides of (2.8).
Lemma 3.1. Given S ∈ V, the tensor ΘS lies in V and satises the
equalities (2.8) with the same forms πa, a = 1, 2, 3, as S.
Proof. This follows diretly from the relations J1J2 = J3, et., and
(2.4). 
On aount of the equalities (2.8), for any S ∈ V we have that
SXY Z = Θ
S
XY Z + T
S
XY Z ,
where
(3.2) T SXY Z =
1
4
(
SXY Z +
3∑
a=1
SXJaY JaZ
)
.
The tensor T S belongs to
Vˆ = { T ∈ ⊗3V ∗ : TXY Z = −TXZY , TXJaY JaZ = TXY Z ∀a },
that is, Vˆ is the subspae of V dened by the onditions πa = 0. We
also dene, orresponding to T = 0, the subspae of V
Vˇ = {Θ ∈ ⊗3V ∗ : ΘXY Z = 12πa(X) 〈JaY, Z〉 , πa ∈ V ∗ },
whih an be also given as
(3.3) Vˇ = {S ∈ V : SXY Z +
3∑
a=1
SXJaY JaZ = 0 }.
Proposition 3.2. The spae V deomposes as an orthogonal diret sum
(3.4) V = Vˇ + Vˆ
with respet to the inner produt
(3.5) 〈S, S ′〉 =
4n∑
r,s,t=1
SeresetS
′
ereset
,
where {er}r=1,...,4n is any orthonormal basis of V .
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Proof. If S ∈ V, we have already seen that we an write it as S = Θ+T ,
withΘ and T dened in (3.1) and (3.2). Conversely, put S = Θ+T with
ΘXY Z =
1
2
πa(X) 〈JaY, Z〉 for some one-forms πa and T ∈ Vˆ. It is easily
heked that S satises (2.8) for the forms πa, so S ∈ V. To prove that
the deomposition (3.4) is orthogonal, we take an orthonormal basis
of V of the form {er} = {us, J1us, J2us, J3us}s=1,...,n. Then, for T ∈ Vˆ
and Θ ∈ Vˇ, we have that
〈T,Θ〉 = −1
4
4n∑
r=1
n∑
s=1
πa(er)
(
TerJausus −
3∑
b=1
TerJbJaJbusus
)
= 0.

3.2. The ation of Sp(n)Sp(1). Standard loal bases of υ on a qua-
ternioni Kähler manifold (M, υ) are not intrinsi. In fat, given one
basis {J1, J2, J3}, the other bases {J ′1, J ′2, J ′3} are obtained as
J ′a = m
b
aJb, a, b = 1, 2, 3,
for arbitrary (mab ) ∈ SO(3). On the other hand, by its very denition,
the holonomy group of a quaternioni Kähler manifold is ontained in
Sp(n) Sp(1) = (Sp(n)× Sp(1))/{± Id} ⊂ SO(4n).
The ation of this group on R4n ≡ Hn is as follows:
(3.6) (B, q)v = Bvq¯, B ∈ Sp(n), q ∈ Sp(1),
where the v are regarded as vetors in Hn and q¯ denotes the quater-
nioni onjugate of q. It is easy to hek that an orthogonal automor-
phism A ∈ SO(4n) belongs to Sp(n) Sp(1) if and only if
(3.7) A ◦ Ja = mbaJb ◦ A,
for a ertain matrix (mab ) ∈ SO(3), whih is obtained from the proje-
tion homomorphism
Sp(n) Sp(1) −→ Sp(1)/{± Id} = SO(3).
The standard representation of Sp(n) Sp(1) on V , dened by (3.6),
indues a representation of Sp(n) Sp(1) on V given by
(3.8) (A(S))XY Z = SA−1XA−1Y A−1Z .
Proposition 3.3. The subspaes Vˇ ⊂ V and Vˆ ⊂ V are invariant
under the ation of Sp(n) Sp(1) on V.
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Proof. Let Θ = 1
2
πa(X) 〈JaY, Z〉 ∈ Vˇ. Then
(A(Θ))XY Z = ΘA−1XA−1Y A−1Z =
1
2
πa(A−1X)
〈
JaA
−1Y,A−1Z
〉
.
Sine AJa = m
b
aJbA, for a = 1, 2, 3, we have that
(A(Θ))XY Z =
1
2
πa(A−1X)
〈
mbaA
−1JbY,A−1Z
〉
= 1
2
π¯b(A−1X) 〈JbY, Z〉 ,
beause A ∈ SO(4n) and we put π¯b = mbaπa. So A(Θ) belongs to Vˇ,
with the forms π¯b ◦ A−1.
Let T ∈ Vˆ . Then we have that
(3.9) TXJaY JaZ = TXY Z , a = 1, 2, 3.
Then (A(T ))XJaY JaZ = (A(T ))XY Z . Indeed, from (3.9) we have that
(A(T ))XJaY JaZ = m
b
am
c
aTA−1XJbA−1Y JcA−1Z
= −mbamcaTA−1XA−1Y JbJcA−1Z
=
( 3∑
b=1
(mba)
2
)
TA−1XA−1Y A−1Z = (A(T ))XY Z ,
when (mba) is the matrix assoiated to A
−1
. 
We onlude that the representation (3.8) of Sp(n) Sp(1) deomposes
as V = Vˇ + Vˆ. However, neither spae is irreduible. We devote the
next two subsetions to the expliit deomposition of eah spae in
turn.
3.3. The spae Vˇ. In the spae Vˇ one an rst distinguish the sub-
spae
Vˇ⊥0 = {Θ ∈ Vˇ : ΘXY Z =
3∑
a=1
θ(JaX) 〈JaY, Z〉 , θ ∈ V ∗ }.
Proposition 3.4. The spae Vˇ⊥0 is Sp(n) Sp(1)-invariant.
Proof. Given A ∈ Sp(n) Sp(1), we have that
(A(Θ))XY Z =
3∑
a=1
θ(Ja(A
−1X))
〈
JaA
−1Y,A−1Z
〉
=
3∑
a=1
mbam
c
aθ(A
−1JbX)
〈
A−1JcY,A−1Z
〉
=
3∑
a=1
θ(A−1JaX) 〈JaY, Z〉 .
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So A(Θ) belongs to Vˇ⊥0 with the form θ ◦ A−1. 
We now desribe the orthogonal subspae in Vˇ .
Proposition 3.5. The spae orthogonal to Vˇ⊥0 in Vˇ with respet to the
salar produt dened in (3.5), is
Vˇ0 = {Θ ∈ Vˇ : ΘXY Z = πa(X) 〈JaY, Z〉 , πa ◦ Ja = 0 }.
This subspae is invariant under the ation of Sp(n) Sp(1). So Vˇ =
Vˇ⊥0 + Vˇ0 as Sp(n) Sp(1)-modules.
Proof. Let {er} be an orthonormal basis of V as above. Then, for
Θ¯ ∈ Vˇ⊥0 and Θ ∈ Vˇ , the ondition 〈Θ¯,Θ〉 = 0 gives us
0 =
4n∑
r,s,t=1
Θ¯eresetΘereset = 4n
4n∑
r=1
θ(Jaer)π
a(er)
= −4n
4n∑
r=1
θ(er)π
a(Jaer),
and this happens for any form θ if and only if πa ◦ Ja = 0. 
We now give another haraterisation of Vˇ0.
Proposition 3.6. For dimV = 4n with n > 1, one has
Vˇ0 =
{
Θ ∈ Vˇ : S
XY Z
ΘXY Z +
3∑
a=1
S
XJaY JaZ
ΘXJaY JaZ = 0
}
.
Proof. It is not diult to hek that if ΘXY Z = π
a(X) 〈JaY, Z〉 ∈ Vˇ,
then one has
S
XY Z
ΘXY Z +
3∑
a=1
S
XJaY JaZ
ΘXJaY JaZ
= (πa ◦ Ja)
(〈X, Y 〉Z − 〈X,Z〉Y )
+S
123
(π1 ◦ J2 − π2 ◦ J1 + π3)
(〈J3Z,X〉Y − 〈J3Y,X〉Z).
If Θ ∈ Vˇ0, then the right-hand side of the previous equation van-
ishes. Conversely, for X = Z orthogonal to Span{Y, J1Y, J2Y, J3Y },
one obtains that (πa ◦ Ja)(Y ) = 0 for all Y ∈ V . 
Let
c12(S)(Z) =
4n∑
r=1
SererZ
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for any orthonormal basis {er}, r = 1, . . . , 4n. Then we have the next
haraterisation of Vˇ0, whih justies the notation.
Proposition 3.7. We have that Vˇ0 = {Θ ∈ Vˇ : c12(Θ) = 0}.
Proof. Let {er} be an orthonormal basis of V as above. For Θ ∈ Vˇ and
t ∈ {1, . . . , 4n} xed, we have that
c12(Θ)(et) =
4n∑
s=1
πa(es) 〈Jaes, et〉 = −πa(Jaet) 〈et, et〉 = −(πa ◦ Ja)(et).

An alternative haraterisation of Vˇ0, based on the expression (3.3)
of the elements of Vˇ , is given by the next proposition.
Proposition 3.8. We have that
Vˇ0 =
{
Θ ∈ Vˇ : ΘXY Z +
3∑
a=1
ΘJaXJaY Z = ΘY XZ +
3∑
a=1
ΘJaY JaXZ
}
.
3.4. The spae Vˆ. Consider the map L : Vˆ → Vˆ dened by
L(T )XY Z = TZXY + TY ZX +
3∑
a=1
(
TJaZXJaY + TJaY JaZX
)
.
It is easily seen that L(T ) ∈ Vˆ , for any T and that L is a linear map
satisfying L(A(T )) = A(L(T )). Moreover, we have the next results.
Proposition 3.9. The map L satises L ◦ L = 8 Id−2L. 
Corollary 3.10. The minimal polynomial of L is (x−2)(x+4). Thus,
L is diagonalisable with two eigenspaes Vˆ2 and Vˆ−4 with respetive
eigenvalues 2 and −4, and Vˆ = Vˆ2 + Vˆ−4. Sine L(A(T )) = A(L(T )),
these eigenspaes are invariant under the ation of Sp(n) Sp(1). 
Proposition 3.11. The subspaes Vˆ2 and Vˆ−4 are mutually orthogonal.
Proof. A straightforward alulation shows that L is self-adjoint; that
is, that 〈L(T ), T ′〉 = 〈T, L(T ′)〉, for T, T ′ ∈ Vˆ. Then, taking T ∈ Vˆ2
and T ′ ∈ Vˆ−4, one obtains that 2 〈T, T ′〉 = −4 〈T, T ′〉, thus onluding.

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3.4.1. The subspae Vˆ2. A tensor T belongs to Vˆ2 if and only if L(T ) =
2T , so
(3.10)
Vˆ2 =
{
T ∈ Vˆ : TXY Z = 1
6
(
S
XY Z
TXY Z +
3∑
a=1
S
XJaY JaZ
TXJaY JaZ
)}
.
For θ ∈ V ∗, put
T θXY Z = 〈X, Y 〉 θ(Z)− 〈X,Z〉 θ(Y )
+
3∑
a=1
(〈X, JaY 〉 θ(JaZ)− 〈X, JaZ〉 θ(JaY )).
From the expression of the tensors in the subspae Vˇ⊥0 , we now onsider
the spae
Vˆ⊥0 =
{
T θ ∈ Vˆ : θ ∈ V ∗ }.
The tensors T θ in Vˆ⊥0 satisfy the yli sum property (3.10), showing
Vˆ⊥0 ⊂ Vˆ2, and also the ondition c12(T θ) = 4(n+1)θ. It is also straight-
forward to hek the invariane of Vˆ⊥0 under the ation of Sp(n) Sp(1).
Indeed, A(T θ) = T θ◦A
−1
, for A ∈ Sp(n) Sp(1).
Proposition 3.12. The subspae orthogonal to Vˆ⊥0 in Vˆ is the subspae
dened by Vˆ0 = {T ∈ Vˆ : c12(T ) = 0}. This spae is thus invariant
under the ation of Sp(n) Sp(1).
Proof. Let {er} be an orthonormal basis of V as above. Let T ∈ Vˆ0.
Then
〈
T θ, T
〉
= 0 for any T θ ∈ Vˆ⊥0 . In partiular, taking θ to be the
dual basis element to eℓ, ℓ ∈ {1, . . . , 4n}, we have that
〈
T θ, T
〉
= 2
4n∑
r=1
(Tererel + TJerJerel) = 8c12(T )(el).

3.4.2. The subspae Vˆ−4. A tensor T belongs to Vˆ−4 if and only if
L(T ) = −4T , so
(3.11) Vˆ−4 = {T ∈ Vˆ : S
XY Z
TXY Z +
3∑
a=1
S
XJaY JaZ
TXJaY JaZ = 0
}
.
Proposition 3.13. One has Vˆ−4 = {T ∈ Vˆ :SXY Z TXY Z = 0}.
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Proof. This is immediate from
0 = S
XY Z
(
S
XY Z
TXY Z +
3∑
a=1
S
XJaY JaZ
TXJaY JaZ
)
= 4 S
XY Z
TXY Z .

Proposition 3.14. The spae Vˆ−4 is ontained in Vˆ0, so the tensors
T ∈ Vˆ−4 are traeless with respet to c12.
Proof. Let {er} be an orthonormal basis of V as above. If T ∈ Vˆ−4,
then it satises the yli sum ondition as in (3.11), and in partiular
we have that
0 = 3 Teseset +
3∑
a=1
(TJaesJaeset + TJaetesJaes).
Summing over s, one gets 0 = 6c12(T )(et) +
∑3
a=1
∑4n
s=1 TJaetesJaes.
We laim that the seond summand vanishes. Indeed, by the yli
sum property we have that
0 =
3∑
a=1
4n∑
s=1
(
TJaetesJaes + TesJaesJaet + TJaesJaetes
+
3∑
b=1
(TJaetJbesJbJaes + TJbesJbJaesJaet + TJbJaesJaetJbes)
)
= 4
3∑
a=1
4n∑
s=1
(
TJaetesJaes + Teseset + TJaesJaeset
−
3∑
b=1
(TJbesJaJbJaeset + TJbJaesJbJaetes)
)
.
Evaluating the last four terms we obtain multiples of c12(T )(et) that
anel and so we are left with the rst term being zero, from whih the
result follows. 
As Vˆ2 is orthogonal to Vˆ−4, then Vˆ2∩Vˆ0 is another subrepresentation,
orthogonal to the above ones. Aording to the previous results, one
has the orthogonal deomposition
V = Vˇ⊥0 + Vˇ0 + Vˆ⊥0 + (Vˆ2 ∩ Vˆ0) + Vˆ−4.
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3.5. The lassiation theorem.
Theorem 3.15. If n > 2, then V deomposes into the diret sum of
the following subspaes invariant and irreduible under the ation of
Sp(n) Sp(1):
QK1 = {Θ ∈ Vˇ : ΘXY Z =
3∑
a=1
θ(JaX) 〈JaY, Z〉 , θ ∈ V ∗},
QK2 =
{
Θ ∈ Vˇ : ΘXY Z = θa(X) 〈JaY, Z〉 , θa ◦ Ja = 0,
θ1, θ2, θ3 ∈ V ∗},
QK3 = {T ∈ Vˆ : TXY Z = 〈X, Y 〉 θ(Z)− 〈X,Z〉 θ(Y )
+
3∑
a=1
(〈X, JaY 〉 θ(JaZ)− 〈X, JaZ〉 θ(JaY )), θ ∈ V ∗},
QK4 =
{
T ∈ Vˆ : TXY Z = 1
6
(
S
XY Z
TXY Z +
3∑
a=1
S
XJaY JaZ
TXJaY JaZ
)
,
4n∑
r=1
TererZ = 0
}
,
QK5 =
{
T ∈ Vˆ : S
XY Z
TXY Z = 0
}
.
In other words, QK1 = Vˇ⊥0 , QK2 = Vˇ0, QK3 = Vˆ⊥0 , QK4 = Vˆ2 ∩ Vˆ0
and QK5 = Vˆ−4.
Proof. Noting that V ∼= [EH ] ∼= V∗, it sues to identify the ve
modules above with the modules in Fino's lassiation (see 2.3)
[EH ] + [ES3H ] + [EH ] + [S3EH ] + [KH ].
It is lear that QK1 ∼= [EH ] ∼= QK3, with QK1 being the opy in
[EH ] ⊗ [S2H ] and QK3 the opy in [EH ] ⊗ [S2E]. The denition of
QK2 shows that it is the omplement of [EH ] ∼= QK1 in [EH ]⊗ [S2H ],
so QK2 ∼= [ES3H ].
Now we have that
QK3+4+5 ∼= [EH ]⊗ [S2E] ∼= [EH ] + [S3EH ] + [KH ],
and know that QK3 ∼= [EH ].
We an identify the module [KH ] as follows. Note that [KH ] is both
a submodule of [EH ] ⊗ [S2E] ⊂ V ∗ ⊗ Λ2V ∗ and of [Λ2E] ⊗ [EH ] ⊂
S2V ∗ ⊗ V ∗. Indeed,
[Λ2E]⊗ [EH ] ∼= 2[EH ] + [Λ30EH ] + [KH ],
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whih does not ontain [S3EH ]. Thus an equivariant map QK4+5 →
[Λ2E]⊗ [EH ] will always ontain [S3EH ] in its kernel and an only be
non-zero on a module isomorphi to [KH ]. The module [Λ2E] ⊂ S2V ∗
onsists of symmetri bilinear forms b with b(J ·, J ·) = b for eah J , so
let p : S2V ∗ ⊗ V ∗ → [Λ2E]⊗ [EH ] be given by
p(T )XY Z =
1
4
(
TXY Z +
3∑
a=1
TJaXJaY Z
)
.
ConsiderQK5, whih onsists of the T ∈ V ∗⊗Λ2V ∗ suh that TXY Z+
TY ZX + TZXY = 0. The projetion to this module is given by mapping
T to U , where UXY Z =
1
4
(TXY Z+
∑3
a=1 TXJaY JaZ) and then by mapping
U to 1
6
(2− L)U .
Applying these maps to the element α ⊗ β ∧ γ ∈ V ∗ ⊗ Λ2V ∗, the
projetion to QK5 is
1
12
(
α⊗β∧γ − 2β⊗γ∧α− 2γ⊗α∧β
+
3∑
a=1
(α⊗Jaβ∧Jaγ − 2Jaβ⊗Jaγ∧α− 2Jaγ⊗α∧Jaβ)
)
.
Symmetrising in the rst two variables we get the following element of
S2V ∗ ⊗ V ∗:
1
8
(
α∨β⊗γ − γ∨α⊗β +
3∑
a=1
(α∨Jaβ⊗Jaγ − α∨Jaγ⊗Jaβ)
)
.
Applying the projetion p we get 1/32 times
α∨β⊗γ − γ∨α⊗β +
3∑
a=1
(
α∨Jaβ⊗Jaγ
− α∨Jaγ⊗Jaβ + Jaα∨Jaβ⊗γ − Jaγ∨Jaα⊗β
+
3∑
b=1
(Jbα∨JbJaβ⊗Jaγ − JbJaγ∨Jbα⊗Jaβ)
)
.
Taking β and γ linearly independent over H, whih is possible for
dimM > 8, i.e., n > 2, and examining the oeient of · ⊗ γ, one
sees that this element is non-zero. Thus QK5 ∼= [KH ] and hene
QK4 ∼= [S3EH ]. 
Corollary 3.16. Only the following inlusions hold between lasses
of homogeneous quaternioni Kähler strutures and homogeneous Rie-
mannian strutures:
(1) QK5 ⊂ T2,
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(2) QK2+4+5 ⊂ T2+3.
In partiular, a naturally redutive homogeneous quaternioni Kähler
struture is symmetri.
Proof. Use the above desriptions of the modules QKi and Table I,
page 41 in [29℄. 
4. Geometri results
Let (M, g, υ) be a onneted, simply-onneted and omplete quater-
nioni Kähler manifold of dimension 4n. Then eah tangent spae TpM ,
p ∈M , with (g, J1, J2, J3)p is a quaternion-Hermitian vetor spae. One
has the standard representation of Sp(n) Sp(1) on TpM and hene it
is possible to dene and deompose the vetor spae Vp ⊂ T (TpM) of
pointwise homogeneous quaternioni Kähler strutures as in the pre-
vious setion. This deomposition depends only on υp and not on the
hosen bases (J1, J2, J3)p, so the irreduible summands (QKi)p give
well-dened bundles QKi over M .
Suppose that M admits a non-vanishing homogeneous quaternioni
Kähler struture S. Then, by Theorem 2.3, M is homogeneous. Hene,
if Sp belongs to a given invariant subspae of Vp, at p ∈ M , then Sq
belongs to the similar invariant subspae of Vq at any other q ∈M and
is a setion of the orresponding vetor bundle.
4.1. The lass QK1+2+3. The purpose of this setion is to prove one
impliation of Theorem 1.1, namely:
Theorem 4.1. Suppose M is a onneted quaternioni Kähler mani-
fold of dimension 4n > 8 admitting a non-vanishing homogeneous qua-
ternioni struture S ∈ QK1+2+3. Then S belongs to QK3 and M is
loally isometri to the quaternioni hyperboli spae HH(n).
The question of existene of QK3-strutures on HH(n) will not be
addressed until 5.2.
Remark 4.2. Computing dimensions one nds
dim[EH ] = 4n, dim[S3EH ] = 8n,
dim[S3EH ] = 4
3
n(n + 1)(2n+ 1), dim[KH ] = 16
3
n(n2 − 1),
soQK1, QK2 andQK3 are the modules whose dimensions grow linearly
with dimM in T ∗ ⊗ (sp(1)⊕ sp(n)). It is thus plausible that QK1+2+3
orresponds to spaes of onstant negative quaternioni urvature, sine
these are sare in all homogeneous quaternioni Kähler spaes. This
phenomenon is similar to the Riemannian [29℄ and Kähler [1, 18℄ ases.
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The proof of Theorem 4.1 will be divided in to a number of steps.
For a ouple of these we give alternate arguments: one representation-
theoreti, the other tensorial. The former are often shorter and more
transparent; however, ertain details of the tensorial alulations are
needed in the derivation of later results.
Lemma 4.3. Suppose M is a onneted quaternioni Kähler manifold
of dimension 4n > 8 with a non-vanishing homogeneous quaternioni
Kähler struture S ∈ QK1+2. Then M is loally symmetri.
First proof. The urvature R of any 4n-dimensional quaternioni Käh-
ler manifold M is given [2℄ by
R = νqR0 +R1,
with R0 equal to the urvature tensor of the quaternioni projetive
spae HP(n), R1 ∈ [S4E] and νq = ν/4 = s/16n(n+2), one quarter of
the redued salar urvature. If the struture is homogeneous, then
0 = ∇˜R = νq∇˜R0 + ∇˜R1 = ∇R1 − SR1
for the following reasons. The tensor R0 is an Sp(n) Sp(1)-invariant
algebrai urvature tensor built from the metri and loal quaternioni
strutures in suh a way that ∇R0 = 0. Also S is an element of
V = T ∗M ⊗ (sp(1) ⊕ sp(n)) and SX ats via the dierential of the
Sp(n) Sp(1)-ation, so SXR0 = 0.
We may further deompose S = SH + SE, where SH ∈ T ∗M ⊗ sp(1)
and SE ∈ T ∗M ⊗ sp(n). As R1 ∈ [S4E], we have that SHR1 = 0.
Thus ∇R = ∇R1 = SER1. We onlude that if SE = 0, i.e., if S is of
type QK1+2, then ∇R = 0 and g is loally symmetri. 
Seond proof. Any quaternioni Kähler manifold of dimension 4n > 8
is Einstein [2, 8℄. Moreover, one has
(4.1) RXY J1ZW +RXY ZJ1W
= 1
n+2
(
r(J2X, Y )g(J3Z,W )− r(J3X, Y )g(J2Z,W )
)
,
et., whih is proved in [22, (2.13)℄ under a dierent urvature onven-
tion, and whih may be found with a misprint in [9, p. 404℄.
As S ∈ QK1+2 we have loally that SXY Z = θa(X)g(JaY, Z), with
θa ∈ T ∗M . The seond Ambrose-Singer equation ∇˜R = 0 of (2.1) is
(4.2) (∇XR)Y ZWU
= −θa(X)(RJaY ZWU +RY JaZWU +RY ZJaWU +RY ZWJaU).
But (4.1) implies that the right-hand side vanishes. 
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Lemma 4.4. Let M be a quaternioni Kähler manifold of dimension
4n > 8. Suppose S is a homogeneous quaternioni Kähler struture
with S ∈ QK1+2+3 and with non-zero projetion to QK3. Then M has
onstant quaternioni urvature.
First proof. We saw in the rst proof of Lemma 4.3 that ∇R = SER1.
The assumption that the projetion of S to QK3 is non-zero implies
that SE ∈ [EH ] and is non-zero. By the dierential Bianhi identity
one has that ∇R ∈ [S5EH ], see [26, proof of Th. 2.6℄, thus
(4.3) SE ⊗ R1 ∈ [EH ]⊗ [S4E] ∼= [S5EH ] + [S3EH ] + [V (31)H ],
where V (31) is irreduible.
The map SE ⊗ R1 7→ SER1 is the omposition
φ : [EH ]⊗ [S4E] →֒ [EH ]⊗ [S2E]⊗ [S4E] −→ [EH ]⊗ [S4E],
where the rst map is given by the inlusion of [EH ] in [EH ]⊗ [S2E]
as the module QK3 and the seond map is given by the ation of
[S2E] ∼= sp(n) on [S4E]. This omposition is linear and Sp(n) Sp(1)-
equivariant.
Write {h, h˜} for a omplex orthogonal basis of H . Consider the
elements α = e1h⊗ e˜41 and β = e1h⊗ e1 ∨ e˜1 ∨ e22 of EH ⊗ S4E, where
e˜ = je, and e1, e˜1, e2 are linearly independent. Then φ(α) has non-zero
omponents in S5EH and SEH , whereas φ(β) lies in neither of these
modules. By Shur's Lemma, we onlude that φ is an isomorphism
on eah omponent of the deomposition (4.3).
As ∇R = SER1 ∈ [S5EH ], we have SE ⊗ R1 ∈ [S5H ] too. Now
SE = eh + e˜h˜, with e˜ = je, sine SE is a real element. For SE ⊗ R1 to
be totally symmetri in the e's we must have that R1 ∈ S4{e, e˜}. But
h and h˜ are linearly independent so e⊗R1 and e˜⊗R1 are eah in S5E;
the rst implies that R1 = ae
5
, the seond that R1 = be˜
5
. As e and
e˜ are linearly independent, we onlude that R1 = 0. Thus R = νqR0
and our spae has onstant quaternioni urvature. 
Seond proof. For S ∈ QK1+2+3, we have loally
SXY = g(X, Y )ξ − g(ξ, Y )X
+
3∑
a=1
(
g(ξ, JaY )JaX − g(X, JaY )Jaξ + g(X, ζa)JaY
)
,
(4.4)
with ξ and ζa vetor elds metrially dual to the one-forms θ and θa
of Theorem 3.15. Our assumptions imply in addition that ξ 6= 0.
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We ompute rst, ∇˜ξ and ∇˜ζa. The third Ambrose-Singer equation
of (2.1) an be written as ∇˜Z(SXY ) = S∇˜ZXY + SX∇˜ZY . Taking
the ovariant derivative of (4.4) with respet to Z and using equa-
tions (2.6), we get
0 = g(X, Y )∇˜Zξ − g(∇˜Zξ, Y )X
+
3∑
a=1
(
g(∇˜Zξ, JaY )JaX + g(X, JaY )Ja∇˜Zξ
)
+S
123
g
(
X, ∇˜Zζ1 − τ˜ 3(Z)ζ2 + τ˜ 2(Z)ζ3
)
J1Y,
(4.5)
for all X, Y, Z. We may perform two operations on this equation. Ei-
ther take the inner produt with X or put X = Y . In eah ase, now
take the sum over X in an orthonormal basis. This gives the two re-
lations (4n− 4)∇˜Zξ = ±W , for a ertain vetor eld W , and we thus
have ∇˜Zξ = 0, or, equivalently,
∇Zξ = SZξ.
It follows that g(ξ, ξ) is a onstant funtion, asXg(ξ, ξ) = 2g(∇˜Xξ, ξ) =
0 for all X ∈ X(M). Equation (4.5) now implies
(4.6) ∇˜Zζ1 = τ˜ 3(Z)ζ2 − τ˜ 2(Z)ζ3, et.
The seond Ambrose-Singer equation of (2.1) an be written as
(∇XR)Y ZWU
= −RSXY ZWU −RY SXZWU −RY ZSXWU − RY ZWSXU .
(4.7)
Substituting (4.4) in (4.7), one sees that the terms ontaining ζa are
expressed as the summands with fourR's in the right-hand side of (4.2),
but we have seen that eah suh summand vanishes.
Taking then the yli sum with respet to X, Y, Z in (4.7), we get
after a quite long alulation, using the two Bianhi identities and the
relation (4.1), that
(4.8) RXY ξ = νq
{
g(X, ξ)Y − g(Y, ξ)X
+
3∑
a=1
(g(JaX, ξ)JaY − g(JaY, ξ)JaX − 2g(JaX, Y )Jaξ)
}
,
whih is the expression of the urvature tensor R(X, Y )Z, for Z = ξ, of
a quaternioni Kähler manifold with onstant quaternioni urvature
ν = 4νq [2, 22℄. We only need to prove that the expression similar
to (4.8) is true for RXY Z, with Z arbitrary, instead of the partiular ξ.
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For this, we apply again the seond Bianhi identity to the seond
Ambrose-Singer equation ∇˜R = 0, so
(4.9) 0 = S
XY Z
(RSXY ZWU +RY SXZWU +RY ZSXWU +RY ZWSXU).
For the sake of simpliity, we write Θ1(X, Y, Z,W ) for the right-hand
side of (4.1). Expanding the terms SX in (4.9), on aount of formulæ
(4.4) and (4.1), we obtain that
0 = S
XY Z
{−2g(X, ξ)RZYWV − 2g(X, JaY )RJaξZWV + g(X,W )RY ZξU
+ g(X,U)RY ZWξ − g(X, JaW )RY ZJaξU − g(X, JaU)RY ZWJaξ
}
+ S
XY Z
{
g(ξ, JaX)Θ
a(W,U, Z, Y ) + g(JaW, ξ)Θ
a(X, Y, Z, U)
+ g(JaU, ξ)Θ
a(X, Y,W,Z)− 2g(X, JaY )Θa(W,U, ξ, Z)
− g(X, JaW )Θa(Y, Z, ξ, U)− g(X, JaU)Θa(Y, Z,W, ξ)
}
,
(4.10)
where, as we saw, the terms in ζa in (4.4) do not atually ontribute.
Again from (4.1), after some omputations, the seond yli sum
above an be written as
ν S
123
(
ω2(W,U)(J3ξ)
♭ − ω3(W,U)(J2ξ)♭
) ∧ ω1.
We now work out the rst yli sum in (4.10). First, we write this
as
2θ ∧RWU − 2
3∑
a=1
ωa ∧ RWUξJa(·) +W ♭ ∧ RξU − U ♭ ∧RξW
+
3∑
a=1
(
(JaW )
♭ ∧ RξJaU − (JaU)♭ ∧ RξJaW
)
.
Now making use of formula (4.8), after some simpliations we obtain
that this an be written as
θ ∧ {2RWU − 12ν [W ♭ ∧U ♭ +
3∑
a=1
(
(JaW )
♭ ∧ (JaU)♭ + 2ωa(W,U)ωa
)]}
+ νS
123
{
ω3(W,U)(J2ξ)
♭ − ω2(W,U)(J3ξ)♭
} ∧ ω1.
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Hene, expression (4.10) an be written as
0 = θ∧{RWU − νq[W ♭ ∧U ♭+ 3∑
a=1
(
(JaW )
♭ ∧ (JaU)♭+2ωa(W,U)ωa
)]}
.
Contrating with ξ, we obtain that
0 =
{
RWU − νq
[
W ♭ ∧ U ♭ +
3∑
a=1
(
(JaW )
♭ ∧ (JaU)♭ + 2ωa(W,U)ωa
)]}
− θ ∧
{
RWUξ − νq
[
g(W, ξ)U ♭ − g(U, ξ)W ♭ +
3∑
a=1
(
g(JaW, ξ)(JaU)
♭
− g(JaU, ξ)(JaW )♭ + 2ωa(W,U)(Jaξ)♭
)]}
.
By formula (4.1), the seond urly braket vanishes, so
RWU = νq{W ♭ ∧ U ♭ +
3∑
a=1
(
(JaW )
♭ ∧ (JaU)♭ + 2ωa(W,U)ωa
)},
i.e., (M, g, υ) is a spae of onstant quaternioni urvature ν = 4νq. 
Proposition 4.5. If S ∈ QK1+2+3 and has non-zero projetion to QK3,
then the manifold is loally isometri to the quaternioni hyperboli
spae and S belongs to QK3.
Proof. By hypothesis, the tensor S is given by (4.4) with ξ 6= 0, from
whih ∇˜ξ = 0 and equation (4.8) were derived, however we do not yet
know the value of νq. On the other hand, using ∇ = ∇˜ + S, ∇˜ξ = 0
and equations (2.5) and (2.6), we have
∇XJ1ξ = τ˜ 3(X)J2ξ − τ˜ 2(X)J3ξ + g(X, J1ξ)ξ
+
3∑
b=1
(
g(ξ, JbJ1ξ)JbX − g(X, JbJ1ξ)Jbξ + g(X, ζb)JbJ1ξ
)
,
(4.11)
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whih will be used in onjuntion with
RXY ξ = −(∇X(∇ξ))Y + (∇Y (∇ξ))X = −(∇X(Sξ))Y + (∇Y (Sξ))X
= −g(Y,∇Xξ)ξ − g(Y, ξ)∇Xξ + g(X,∇Y ξ)ξ + g(X, ξ)∇Y ξ
+
3∑
a=1
(
g(Y,∇XJaξ)Jaξ + g(Y, Jaξ)∇XJaξ
− g(X,∇Y Jaξ)Jaξ − g(X, Jaξ)∇Y Jaξ
− g(Y,∇Xζa)Jaξ − g(Y, ζa)∇XJaξ
+ g(X,∇Y ζa)Jaξ + g(X, ζa)∇Y Jaξ
)
.
(4.12)
This will be examined in three stages to nd the sign of the salar
urvature and to show that eah ζa is zero.
Step 1: Take X, Y ∈ (Hξ)⊥. Then (4.8) says g(RXY ξ,X) = 0.
However, from (4.12) we have
g(RXY ξ,X) = −g(Y, ζa)g(∇XJaξ,X) + g(X, ζa)g(∇Y Jaξ,X).
Now taking Y = JaX and using (4.11), we nd that g(RXJaXξ,X) =
g(X, ζa)g(ξ, ξ)g(X,X). As X ∈ (Hξ)⊥ is arbitrary, one dedues that
(4.13) ζa ∈ Hξ.
Step 2: Take X = ξ and Y ∈ (Hξ)⊥ in (4.12). As g(ξ, ξ) is onstant,
we have that g(ξ,∇Y ξ) = 0. Moreover, using (2.5) we nd
g(Y,∇ξξ) = 0, g(Y,∇ξζa) = 0,
g(Y,∇ξJ1ξ) = g(Y, J1∇ξξ) + g(Y, τ 3(ξ)J2ξ)− g(Y, τ 2(ξ)J3ξ) = 0,
g(ξ,∇Y J1ξ) = g(ξ, J1∇Y ξ) + g(ξ, τ 3(Y )J2ξ)− g(ξ, τ 2(Y )J3ξ) = 0,
et., whih leads to
RξY ξ = −g(ξ, ξ)2Y − g(ξ, ζa)g(ξ, ξ)JaY.
Comparing with (4.8) whih says RξY ξ = νqg(ξ, ξ)Y , we obtain νq =
−g(ξ, ξ) and
(4.14) g(ξ, ζa) = 0.
Step 3: Take X, Y ∈ (Hξ)⊥ again and use (4.12) to get
RXY ξ = −g(Y,∇Xξ)ξ + g(X,∇Y ξ)ξ
+
3∑
a=1
(
g(Y,∇XJaξ)Jaξ − g(X,∇Y Jaξ)Jaξ
− g(Y,∇Xζa)Jaξ + g(X,∇Y ζa)Jaξ
)
.
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Making use of (4.6), the expression for S and (4.13), we obtain after
some alulations that
RXY ξ = −2
3∑
a=1
g(Y, JaX)g(ξ, ξ)Jaξ
−
3∑
a,b=1
(
g(Y, JaX)g(ξ, Jaζ
b)− g(X, JaY )g(ξ, Jaζb)
)
Jbξ.
However, formula (4.8) says RXY ξ = −2
∑3
a=1 g(ξ, ξ)g(JaX, Y )Jaξ. So
we have
3∑
a=1
g(Y, JaX)g(ξ, Jaζ
b)− g(X, JaY )g(ξ, Jaζb) = 0, for b = 1, 2, 3.
Taking Y = JcX we onlude that −2g(X,X)g(ξ, Jcζb) = 0, for all
b, c. Together with (4.13) and (4.14) this gives ζa = 0, for eah a, and
hene S ∈ QK3. Consequently, our manifold is loally isometri to
the hyperboli spae of onstant quaternioni urvature −4g(ξ, ξ), as
laimed. 
4.2. Non-existene of QK1+2. To omplete the proof of Theorem 4.1
we need to show that strutures of type QK1+2 do not our on mani-
folds of dimension 8 or more. For these strutures, the tensor S lies in
[EH ]⊗ [S2H ].
Lemma 4.6. If a (1, 2) tensor S satises the onditions for the tensors
in QK1+2 and also ∇˜S = 0, then S denes a homogeneous struture.
Proof. We need to show that ∇˜R˜ = 0. Sine ∇˜S = 0, we have that
(4.15) R˜ = R− RS = νqR0 +R1 −RS,
where R0 is the urvature tensor of HP(n), R1 ∈ [S4E] and
(4.16) RSXY Z = SY (SXZ)− SSY XZ − (SX(SY Z)− SSXY Z).
By Lemma 4.3, M is a loally symmetri spae, so ∇R1 = 0. This im-
plies ∇˜XR1 = −SXR1 = 0, sine [S2H ] ∼= sp(1) ats trivially on [S4E].
However, ∇˜ is an Sp(n) Sp(1)-onnetion, so ∇˜XR0 = 0. We are left
with ∇˜R˜ = −∇˜RS, whih is zero one ∇˜S = 0. 
Sine S ∈ [EH ]⊗[S2H ] we may write S = (Xa)♭⊗Ja for some vetor
elds Xa, whih means SX = g(X,X
a)Ja. The equation ∇˜XS = 0 is
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equivalent to ∇XS = SX .S. Now
(SX .S)YZ = SXSYZ − SSXY Z − SY SXZ
=S
123
{
2g(X,X2)g(Y,X3)− 2g(X,X3)g(Y,X2)
− g(X,Xb)g(JbY,X1)
}
J1Z.
Thus ∇˜S = 0 is equivalent to
(4.17) ∇X1 = (2(X2)♭ − τ 2)⊗X3 − (2(X3)♭ − τ 3)⊗X2
+ (Xa)♭ ⊗ JaX1,
et., where τa are given by (2.5).
Lemma 4.7. If M admits a non-vanishing homogeneous struture in
the lass QK1+2, then dimM 6 12. Moreover M is not of type QK1.
Proof. Equation (4.17) implies that
∇XX1 ∈ Span{X2, X3, J1X1, J2X1, J3X1}, et.
So the distribution given by the quaternioni span D = H {X1, X2, X3}
is parallel and hene holonomy invariant [9, Prop. 10.21℄. The irre-
duibility of M implies that this distribution must be the whole tan-
gent spae. This implies that dimRM 6 12. If M is of type QK1, then
Xa = JaX0 for a xed non-zero vetor eld X0. But this implies that
D = TM is four-dimensional, whih we have speially exluded. 
Note that we may now assume that at least two of the Xa's are
linearly independent over H.
Let us now ompute the Riemannian urvature. Regarding R as the
alternation of −∇∇ we ompute
RX1 = −a∇∇X1 = −a∇(2X2 − τ 2)X3 + a(2X2 − τ 2)∇X3 + · · ·
= (2κ3 − Ω3)X2 − (2κ2 − Ω2)X3 − κ1J1X1 − κ2J2X1 − κ3J3X1,
where
Ωa = dτa + τ b ∧ τ c, κa = 2Xb ∧Xc +Xd ∧ JdXa,
with (a, b, c) a yli permutation of (1, 2, 3).
As M is quaternioni Kähler, the urvature splits as
R = RE +RH ,
with RE ∈ [S4E]+R ⊂ [S2(S2E)] and RH ∈ R ⊂ [S2(S2H)]. The part
with values in [S2E] is given by
REX =
1
4
(RX −
∑
a
JaR(JaX)) = RX − 14
∑
a
JaR(Ja)X.
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Now RJ1 = −Ω3J2 + Ω2J3, so
REX
1 = RX1 − 1
2
(
Ω1J1 + Ω
2J2 + Ω
3J3
)
X1
= 2Θ3X2 − 2Θ2X3 −Θ1J1X1 −Θ2J2X1 −Θ3J3X1,
where Θa = κa − 1
2
Ωa.
Let us work with the above expression in two omplementary ways.
Firstly, we have that (RE)AB is a skew-adjoint endomorphism of TM .
Thus
0 = 1
2
〈
REX
1, X1
〉
= α3Θ3 − α2Θ2,
where
αa =
〈
Xb, Xc
〉
.
And similarly
0 = 1
2
〈
REX
1, X2
〉
+ 1
2
〈
REX
2, X1
〉
= α2Θ1 − α1Θ2 +Θ3(δ2 − δ1),
where
δa = ‖Xa‖2 .
In addition we know that RE ommutes with eah Ja, so
0 = 1
2
〈
RE(J1X
1), X2
〉
+ 1
2
〈
REX
2, J1X
1
〉
= −1
2
〈
REX
1, J1X
2
〉
+ 1
2
〈
REX
2, J1X
1
〉
= β13Θ1 + (γ3 − γ2)Θ2 − β31Θ3,
where
βbc =
〈
JbX
b, Xc
〉
no sum, γa = 〈Xa, JbXc〉 .
Similarly,
0 = 1
2
〈
REJ2X
1, X2
〉
+ 1
2
〈
REX
2, J2X
1
〉
= (γ2−γ3)Θ1+β23Θ2−β12Θ3
and
0 = 1
2
〈
REJ3X
1, X2
〉
+ 1
2
〈
REX
2, J3X
1
〉
= (β21−β31)Θ1+(β12−β32)Θ2.
We thus have the following system of equations
α1Θ1 = α2Θ2 = α3Θ3,(4.18)
αbΘa − αaΘb + (δb − δa)Θc = 0,(4.19)
βacΘa + (γc − γb)Θb − βcaΘc = 0,(4.20)
(γb − γc)Θa + βbcΘb − βabΘc = 0,(4.21)
(βba − βca)Θa + (βab − βcb)Θb = 0,(4.22)
for eah yli permutation (a, b, c) of (1, 2, 3).
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Now onsider the Riemannian holonomy of M . We know that M is
loally symmetri and quaternioni Kähler. Thus the holonomy algebra
hol is that of a quaternioni symmetri spae and splits as
hol = k⊕ sp(1) ⊂ sp(n)⊕ sp(1),
with k non-Abelian. However, the Lie algebra k is generated by the
oeients of RE . In partiular, the linear span of Θ
1
, Θ2 and Θ3 has
to be at least two-dimensional. Equations (4.18) and (4.19), then imply
that
αa = 0, δ1 = δ2 = δ3,
so the Xa are mutually orthogonal and of equal length.
Lemma 4.8.
γ1 = γ2 = γ3, βbc = 0.
Proof. If dimR Span{Θ1,Θ2,Θ3} = 3, then this is diret from equations
(4.20), (4.21) and (4.22).
If Θa are not linearly independent, we may without loss of generality
assume
Θ1 = xΘ2 + yΘ3
with Θ2 and Θ3 linearly independent. If x and y are both zero, then the
result follows easily. Assume therefore that x 6= 0. We get from (4.22),
β12 = β32, β23 = β13, β21 = β31.
Comparing the oeient of Θ2 in the rst equation of (4.20) with the
rst equation of (4.21) gives
β23x = γ2 − γ3, (γ2 − γ3)x = −β23,
from whih one onludes β23 = 0 and γ2 = γ3. The result follows. 
Write γ = γa and δ = δa whih are now both independent of the
index a. We nd that X1 is orthogonal to
J1X
1, J2X
1, J3X
1, X2, J1X
2, J2X
2, X3, J1X
3, J3X
3.
Note using equation (4.17) with this information shows that δ = ‖X1‖2
is onstant. We may write
(4.23) X1 = aJ3X
2 + bJ2X
3 +W 1,
with W 1 orthogonal to the quaternioni span of X2 and X3. Now
(4.24)
γ =
〈
X1, J2X
3
〉
= a
〈
J3X
2, J2X
3
〉
+ b
〈
J2X
3, J2X
3
〉
= −aγ + bδ.
Also
(4.25) γ =
〈
X2, J3X
1
〉
= −a 〈X2, X2〉− b 〈X2, J1X3〉 = −aδ + bγ
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and
(4.26) δ = ‖X1‖2 = (a2 + b2)δ − 2abγ + ‖W 1‖2.
Now the other way of looking at RE is to note that 〈(RE)·,·X, Y 〉 is
in S2E for all X and Y . This says that these two-forms are of type
(1, 1) for eah Ja. Grouping Θ terms, we have
REX
1 = −Θ1J1X1 − (2X3 + J2X1)Θ2 + (2X2 − J3X1)Θ3.
Now by the above analysis the vetors J1X
1
, 2X3+J2X
1
, 2X2−J3X1
are mutually orthogonal and all non-zero. Thus eah Θa lies in S2E.
The ondition that Θ1 = κ1 − 1
2
Ω1 is type (1, 1)1, i.e., type (1, 1) with
respet to J1, tells us that
2X2 ∧X3 +X2 ∧ J2X1 +X3 ∧ J3X1
is of type (1, 1)1, sine Ω
1
is proportional to the Kähler form ω1 for J1,
and the term X1 ∧ J1X1 is already of type (1, 1)1. Squaring, we have
that
J2X
1 ∧ J3X1 ∧X2 ∧X3
is a (2, 2)1-form, whih implies that Span{J2X1, J3X1, X2, X3} is J1-
invariant. In partiular, J1X
2
is a linear ombination of J2X
1
, J3X
1
and X3. We onlude that the quaternioni span of X1, X2 and X3
has 8 real dimensions.
In equation (4.23), we nd that W 1 = 0. Note that
(4.27) |γ| = ∣∣〈J1X1, J2X2〉∣∣ < δ,
sine the three vetors J1X
1
, J2X
2
and J3X
3
an not all be propor-
tional. Adding equations (4.24) and (4.25), we get (a+ b)γ = (a+ b)δ,
so a = −b by (4.27). Now by (4.26), 2a2(γ + δ) = δ whereas (4.24)
gives a(γ + δ) = −γ. Thus 2aγ = −δ and 2a2 − a = 1. The latter
has solutions a = −1/2 and a = 1. However, a = −1/2 is impossible
by (4.27), so a = 1, b = −1, γ = −δ/2. In partiular,
X1 = J3X
2 − J2X3,
whih says the struture is of type QK2.
However, we will see that these strutures do not arise. Assume that
the onstant δ is non-zero. Resaling the geometry by a homothety we
may assume that δ = 1, γ = −1/2. Put
A = J1X
1, B = 1√
3
(J2X
2 − J3X3).
This is an orthonormal quaternioni basis for TM . We have
J2X
2 = −1
2
A+
√
3
2
B, J3X
3 = −1
2
A−
√
3
2
B.
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For Θ1 to be of type (1, 1)2, we must have that κ
1 − J2κ1 = Ω1. But
κ1 = 2(1
2
J2A−
√
3
2
J2B) ∧ (12J3A+
√
3
2
J3B)− J1A ∧ A
+ (1
2
J2A−
√
3
2
J2B) ∧ J3A− (12J3A+
√
3
2
J3B) ∧ J2A
= A ∧ J1A+ 32J2A ∧ J3A
− 3
2
J2B ∧ J3B +
√
3J2A ∧ J3B +
√
3J3A ∧ J2B.
Giving
J2κ
1 = −J2A∧J3A− 32A∧J1A+ 32B∧J1B−
√
3A∧J1B−
√
3J1A∧B,
we then obtain
κ1 − J2κ1 = 52A ∧ J1A+ 52J2A ∧ J3A− 32B ∧ J1B − 32J2B ∧ J3B
+
√
3(J2A ∧ J3B + J3A ∧ J2B + A ∧ J1B + J1A ∧B),
whih is not proportional to
ω1 = A ∧ J1A+ J2A ∧ J3A+B ∧ J1B + J2B ∧ J3B.
In onlusion, QK1+2 strutures do not exist and the proof of Theo-
rem 4.1 is omplete.
5. Homogeneous desriptions of quaternioni hyperboli
spae
Being a non-ompat symmetri spae, the quaternioni hyperboli
spae HH(n) admits a transitive (isometri) ation of a solvable Lie
group, whih is a proper subgroup of the full isometry group. We
thus see that HH(n) has at least two homogeneous desriptions. In
this setion we study dierent homogeneous desriptions of HH(n),
listing all the possible ones and nding their homogeneous types in
some ases. This is preparation for 5.2, where we expliitly realise the
homogeneous strutures of type QK3 on HH(n). A dierent model of
this onstrution is provided in 5.3.
5.1. Transitive ations. As a symmetri spae, we have HH(n) =
Sp(n, 1)/(Sp(n) × Sp(1)) = G/K. A group H ats transitively on
HH(n) only if H\G/K is a point. As K is ompat this implies that
H is a non-disrete o-ompat subgroup of the semi-simple group G.
Suh subgroups were lassied by Witte [32℄ (f. Goto & Wang [20℄).
One begins by determining the standard paraboli subalgebras of
g = sp(n, 1) (f. [19, pp. 190192℄). To be onrete, we take sp(n, 1)
to be the set of quaternioni matries that are `anti-Hermitian' with
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respet to the bilinear form B = diag(Idn−1, 0 11 0 ), where Idn−1 is the
(n− 1)× (n− 1) identity matrix, thus
sp(n, 1) =



 α v1 v2−v¯T2 a b
−v¯T1 c −a¯

 :
α ∈ sp(n− 1),
vi ∈ Hn−1, a ∈ H,
b, c ∈ ImH

 .
The maximal ompat subgroup K has Lie algebra k = sp(n) ⊕ sp(1)
with
sp(n) =



 α v v−v¯T β β
−v¯T β β

 :
α ∈ sp(n− 1),
v ∈ Hn−1,
β ∈ ImH

 ,
sp(1) =



0 0 00 a −a
0 −a a

 : a ∈ ImH

 .
Up to onjugation, sp(n, 1) ontains a unique maximalR-diagonalisable
subalgebra a = Span{A}, with A = diag(0, . . . , 0, 1,−1). The set of
roots Σ orresponding to a is Σ = {±λ,±2λ}, where λ(A) = 1. The
set Θ = {λ} is a system of simple roots and the orresponding positive
roots system is Σ+ = {λ, 2λ}.
The general theory for g non-ompat semi-simple says that standard
paraboli subalgebras orrespond to subsets Ψ of the system of simple
roots Θ for a maximal R-diagonalisable subalgebra, as follows. Let
[Ψ] be the subset of Σ onsisting of linear ombinations of elements
of Ψ. Then a standard paraboli subalgebra p(Ψ) = l(Ψ) + n(Ψ) of g
is dened by
l(Ψ) = g0 +
∑
µ∈[Ψ]
gµ, n(Ψ) =
∑
µ∈Σ+\[Ψ]
gµ,
and eah paraboli subalgebra of g is onjugate to some p(Ψ) [11℄. The
subalgebra n(Ψ) is nilpotent, whilst l(Ψ) is redutive. The latter may
now be deomposed as l(Ψ) = l+e+a, with l semi-simple with all fators
of non-ompat type, e ompat redutive, and a the non-ompat part
of the entre of l(Ψ). The deompositions
P (Ψ)0 = LEAN, p(Ψ) = l+ e+ a+ n(Ψ)
are referred to as the rened Langlands deomposition of the paraboli
subgroup P (Ψ) and its Lie algebra in Witte [32℄ (f. [30℄). Witte proved
the following theorem.
Theorem 5.1 (Witte [32℄). Let X be a normal subgroup of L and Y a
onneted subgroup of EA. Then there is a o-ompat subgroup H
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of P (Ψ) whose omponent of the identity is H0 = XYN . Moreover,
every non-disrete o-ompat subgroup of G arises in this way.
For G = Sp(n, 1) we only have two hoies for Ψ and the orre-
sponding paraboli subalgebras have the following rened Langlands
deompositions:
p(Θ) = sp(n, 1) + {0}+ {0}+ {0},
p(∅) = {0}+ (sp(n− 1) + sp(1)) + a+ (n1 + n2),
where
sp(n− 1) + sp(1) =



α 0 00 a 0
0 0 a

 : α ∈ sp(n− 1), a ∈ ImH

 ,
n1 =



 0 0 v−v¯T 0 0
0 0 0

 : v ∈ Hn−1

 , n2 =



0 0 00 0 b
0 0 0

 : b ∈ ImH

 ,
the last being the +1- and +2-eigenspaes of adA. Note that writing
N for the onneted subgroup of Sp(n, 1) with Lie algebra n = n1+n2,
we have that Sp(n, 1) = KAN is the Iwasawa deomposition.
For the rst ase, Theorem 5.1 says that for a o-ompat H , the
omponent of the identity H0 is either all of sp(n, 1) or it is trivial.
Thus the only transitive ation oming from Ψ = ∅ is that of the full
isometry group Sp(n, 1) on HH(n).
In the seond ase, there is muh more freedom. Eah time we take
a onneted subgroup Y of Sp(n − 1) Sp(1)R we get a orresponding
o-ompat subgroup. In order to get a transitive ation on G/K note
that Sp(n − 1) Sp(1) is a subgroup of K, so it is suient that the
projetion Y → Sp(n − 1) Sp(1)R → R be surjetive. Aording to
Theorem 5.1, H0 is then Y N . We thus have the next result.
Theorem 5.2. The onneted groups ating transitively on HH(n) are
the full isometry group Sp(n, 1) and the groups H = Y N , where N is
the nilpotent fator in the Iwasawa deomposition of Sp(n, 1) and Y is
a onneted subgroup of Sp(n − 1) Sp(1)R with non-trivial projetion
to R. 
The simplest hoie is Y = A, this is then the desription of HH(n)
as the solvable group AN . One may determine a homogeneous type
for this solvable desription as follows.
First we determine a quaternioni Kähler metri on AN . Taking the
deomposition a+ n1 + n2, a natural hoie is
g(A,A) = µ, g(Xa, Xb) = νδab, g(V, V ) = ‖v‖2 ,
32 M. CASTRILLÓN LÓPEZ, P. M. GADEA, AND A. F. SWANN
where ‖·‖ is the Eulidean norm on Hn−1 and µ, ν are positive on-
stants. A hoie of a quaternioni struture is then given by
J1A = κX1, J1X2 = X3, J1ρ1(v) = ρ1(−vi),
where ρ1(v) =
(
0 0 v
−v¯T 0 0
0 0 0
)
is the element of n1 orresponding to v ∈
Hn−1. The ompatibility ondition g(A,A) = g(J1A, J1A) fores µ =
κ2ν. Taking v1, . . . , vn−1 to be an orthonormal quaternioni basis of
H
n−1
, writing Vi = ρ1(vi) and using orresponding lower ase letters to
denote the left-invariant basis dual to A,X1, . . . , V1, J1V1, . . . , J3Vn−1,
we have
ω1 = g(·, J1·) = −κνa ∧ x1 − νx2 ∧ x3 −
n−1∑
r=1
(vr ∧ J1vr + J2vr ∧ J3vr) ,
et. The ondition that the struture be quaternioni Kähler now re-
dues to the requirement that dω1 be a linear ombination of ω2 and ω3.
One omputes
da = 0, dvr = −a ∧ vr,
dx1 = −2a ∧ x1 + 2
n−1∑
r=1
(vr ∧ J1vr + J2vr ∧ J3vr) ,
by using the fat that the exterior derivatives of the left-invariant one-
forms above are given by
dα(B∗, C∗) = −α([B,C]∗),
where B∗ is the vetor eld with one-parameter group g 7→ exp(tB)g,
g ∈ G, t ∈ R, so [B∗, C∗] = −[B,C]∗. Considering dω1 one nds
that the struture is quaternioni Kähler if and only if κν = −1 and
µ = −κ = 1/ν.
The Levi-Civita onnetion ∇ is given [9, p. 183℄ by
2g(∇B∗C∗, D∗) = −
{
g([B,C]∗, D∗) + g(B∗, [C,D]∗) + g(C∗, [B,D]∗)
}
.
To nd the homogeneous tensor S = ∇ − ∇˜, we need the anonial
onnetion ∇˜ for AN . But the latter is uniquely determined [29, p. 20℄
by its value at o ∈ HH(n), where we have
∇˜B∗C∗ = −[B,C]∗.
Note that ∇˜ is the onnetion for whih every left-invariant tensor
on AN is parallel [24, p. 192℄. Working at o and writing B for B∗o , et.,
we now have
(5.1) 2g(SBC,D) = g([B,C], D)− g(B, [C,D])− g(C, [B,D]).
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Note, for example, that this is skew-symmetri in C and D, onrming
that S.g = 0. To ompute S expliitly, we rst determine the Lie
brakets and nd
g([B,C], D) = g(B,A0)g(C,D)− g(C,A0)g(B,D)
+
3∑
a=1
2g(JaB,C)g(D, JaA0) + µg(C,A0)g(B, JaA0)g(D, JaA0)
− µg(B,A0)g(C, JaA0)g(D, JaA0, D)
− 2µ
∑
σ∈S3
ε(σ)g(B, Jσ(1)A0)g(C, Jσ(2)A0)g(D, Jσ(3)A0),
where A0 = A/µ. Putting this into (5.1) gives
g(SBC,D) = −
3∑
a=1
g(B, JaA0)g(JaC,D)
+ g(D,A0)g(C,B)− g(C,A0)g(B,D)
+
3∑
a=1
(
g(JaB,C)g(D, JaA0)− g(D, JaB)g(C, JaA0)
)
+µ
3∑
a=1
(
g(C,A0)g(B, JaA0)g(D, JaA0)−g(D,A0)g(B, JaA0)g(C, JaA0)
)
− µ
∑
σ∈S3
ε(σ)g(B, Jσ(1)A0)g(C, Jσ(2)A0)g(D, Jσ(3)A0).
(5.2)
The rst line is in QK1, the next two lines are a tensor in QK3. With
more work one nds that the last two lines are in QK3+4 with non-zero
projetion to eah fator. When n > 1, the total ontribution to QK3
is non-zero. Although this omputation is performed at o, it applies at
eah point of AN = HH(n) and we have proved the next result.
Proposition 5.3. For any xed µ ∈ R+, the quaternioni hyperboli
spae HH(n) admits a homogeneous quaternioni Kähler struture S of
type QK1+3+4 given by (5.2), orresponding to a desription of HH(n)
as a solvable group. 
We onlude that the lass of a generi homogeneous struture on
HH(n) is onsiderably larger than QK3. Even without omputation,
one an see that the solvable model neessarily has a non-trivial om-
ponent in QK1+2: the almost omplex strutures Ji are parallel with
respet to the anonial onnetion, but not with respet to the Levi-
Civita onnetion (sine the salar urvature is non-zero), so the πa in
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equation (2.7) are not all zero. Proposition 4.5 then implies that there
must also be a omponent in QK4+5.
5.2. Strutures of type QK3. We now determine the non-vanishing
homogeneous strutures of type QK3 on HH(n). Suh a struture is
given by a tensor
(5.3)
SXY = g(X, Y )ξ − g(ξ, Y )X +
3∑
a=1
(
g(ξ, JaY )JaX − g(X, JaY )Jaξ
)
,
where ξ 6= 0 is a vetor eld satisfying ∇˜ξ = 0, i.e., ∇ξ = Sξ.
We rst onsider the urvature term RS given by (4.16). Using
SXξ = g(X, ξ)ξ − ‖ξ‖2X −
3∑
a=1
g(X, Jaξ)Jaξ, SξW = 0,
SXJ1ξ = g(X, J1ξ)ξ − ‖ξ‖2 J1X + g(X, ξ)J1ξ
+ g(X, J3ξ)J2ξ − g(X, J2ξ)J3ξ,
SJ2ξW = 2
{
g(J2ξ,W )ξ + g(J3ξ,W )J1ξ − g(ξ,W )J2ξ − g(J1ξ,W )J3ξ
}
,
et., we rst expand
SX(SYW ) = g(Y,W )SXξ − g(ξ,W )SXY
+
3∑
a=1
(
g(ξ, JaW )SX(JaY )− g(Y, JaW )SX(Jaξ)
)
,
SSXYW = g(X, Y )SξW − g(ξ, Y )SXW
+
3∑
a=1
(g(ξ, JaY )SJaXW − g(X, JaY )SJaξW )
and then anti-symmetrise to get
RSXYW = SY (SXW )− SSY XW − (SX(SYW )− SSXYW )
= −‖ξ‖2 {g(X,W )Y − g(Y,W )X
+
3∑
a=1
(−g(X, JaW )JaY + g(Y, JaW )JaX)}
− 2S
123
{
g(X, J2Y )g(J2W, ξ)ξ + g(X, J2Y )g(W, ξ)J2ξ
+ g(X, J3Y )g(J1W, ξ)J2ξ − g(X, J1Y )g(J3W, ξ)J2ξ
}
=: −‖ξ‖2R1XYW + 2R2XYW.
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Note that RℓXY Ja = JaR
ℓ
XY , for ℓ = 1, 2 and a = 1, 2, 3.
From (4.15) and the nal lines of the proof of 4.5, we have that
R˜XYW = ‖ξ‖2RHH(n)XY W −RSXYW,
with
−RHH(n)XY W = g(X,W )Y − g(Y,W )X
+
3∑
a=1
(
g(JaX,W )JaY − g(JaY,W )JaX + 2g(JaX, Y )JaW
)
.
The rst four terms here are exatly R1XYW , so
R˜XYW = −2 ‖ξ‖2
3∑
a=1
g(JaX, Y )JaW − 2R2XYW,
and we see in partiular that R˜XY ξ = 0,
R˜XY J1ξ = −4 ‖ξ‖2
{
g(J3X, Y )J2ξ − g(J2X, Y )J3ξ
}
, et.,
and R˜XY Z = −2 ‖ξ‖2
3∑
a=1
g(JaX, Y )JaZ,
for Z orthogonal to the quaternioni span of ξ. Thus R˜XY ats on TM
as an element of sp(1) in the representation TM = R+ [S2H ] + [EH ].
Also, for Y orthogonal to HX , one nds R˜XY = 0, and for ‖X‖2 =
1/(2 ‖ξ‖2), we have that
R˜XJaXξ = 0, R˜XJaXJbξ = −[Ja, Jb]ξ, R˜XJaXZ = −JaZ.
We write Ja for the element of sp(1) that ats as Ja on the fator [EH ].
The orresponding homogeneous manifold G˜/H˜ has (see 2.1)
h˜ = sp(1), g˜ = h˜+ ToM,
with remaining Lie brakets (see (2.2)) [X, Y ] = SXY − SYX + R˜XY ,
for X, Y ∈ ToM . On ToM we have
[Z1, Z2] = 2
3∑
a=1
(
g(JaZ1, Z2)Jaξ − ‖ξ‖2 g(JaZ1, Z2)Ja
)
,(5.4)
[ξ, Z] = ‖ξ‖2 Z,(5.5)
[ξ, Jaξ] = 2 ‖ξ‖2 Jaξ − 2 ‖ξ‖4 Ja,(5.6)
[Jaξ, Z] = ‖ξ‖2 JaZ,(5.7)
[J1ξ, J2ξ] = 4 ‖ξ‖2 J3ξ − 2 ‖ξ‖4 J3,(5.8)
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for Z,Z1, Z2 orthogonal to Hξ.
By Theorem 5.2, we need to identify this Lie algebra struture as
that of a subgroup Y N of Sp(n− 1) Sp(1)RN , where Y has non-trivial
projetion to R. Our holonomy algebra h is isomorphi to sp(1), so
the Killing form is negative denite on this algebra and onsequently
it lies in sp(n− 1)⊕ sp(1). Indeed it must lie in a subalgebra k1⊕ k2 ⊂
sp(n − 1) ⊕ sp(1), with kℓ ∼= sp(1). Let V and W be the standard
two-dimensional representations of k1 and k2. Then a + n deomposes
as
R+
(∑
ℓ>0
cℓS
ℓV ⊗W )+ S2W
under the ation of k1⊕ k2. As the ation of the holonomy algebra only
has a trivial summand of dimension 1, we onlude that the projetion
of h to k2 is non-zero. Fitting the remaining representation to S
2H +
(n − 1)H , we nd (f. [17, p. 110℄) that the projetion to k1 is zero.
Thus the holonomy algebra h may be identied with k2 = sp(1).
Comparing with 2.1, we nd that our symmetry group G˜ has Lie
algebra
g˜ = h˜+m = sp(1) + a+ n1 + n2,
and that n2 ∼= [S2H ]. Thus for eah real λ, there is an ad-invariant
omplement
(5.9)
mλ = a+ n1 + pλ, where pλ =



0 0 00 λx x
0 0 λx

 : x ∈ ImH

 .
The relations (5.5)(5.8) show that ξ ∈ a and J1ξ, J2ξ, J3ξ ∈ pλ. The
holonomy ation also identies (Hξ)⊥ with n1 and ensures that the map
ρ1 : H
n−1 → n1 is quaternioni. By onsidering equation (5.4), we nd
that ρ1 is a homothety and that
J1ξ =

0 0 00 ‖ξ‖2 i i
0 0 ‖ξ‖2 i

 , J1 =

0 0 00 i 0
0 0 i

 ,
et., one one has enfored the algebra requirement [J1, J2] = 2J3.
Note that λ = ‖ξ‖2. One may now hek this is onsistent with the
remaining relations, inluding (5.7).
Theorem 5.4. The non-vanishing homogeneous quaternioni Kähler
strutures of lass QK3 on HH(n) are parameterised by an element λ ∈
R+, orresponding to the ad-invariant subspae mλ desribed in (5.9).

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As a onsequene of the previous results in the paper we now have
the haraterisation of HH(n) stated in Theorem 1.1.
5.3. A realisation of QK3-strutures. We nally give a realisation
in the open ball model of HH(n) of the family of QK3-strutures found
in Theorem 5.4. Given a xed c ∈ (−∞, 0), write c˜ = −c/4 and
onsider the open ball with radius ρc =
√
1/c˜ in HH(n),
Bn = {(q0, q1, . . . , qn−1) ∈ HH(n) : 1− c˜
n−1∑
r=0
qrq¯r > 0},
equipped with Watanabe's metri of negative onstant quaternioni
urvature c (see [31, p. 134℄) given, for qr = xr + iyr + jzr + kwr,
r = 0, . . . , n− 1, and ̺ =∑n−1r=0 qrq¯r, by
g =
1
(1− c˜̺)2{
(
1− c˜̺)(dxrdxr + dyrdyr + dzrdzr + dwrdwr)
+ c˜
(
Arsdx
rdxs +Brsdx
rdys + Crsdx
rdzs +Drsdx
rdws
−Brsdyrdxs + Arsdyrdys +Drsdyrdzs − Crsdyrdws
− Crsdzrdxs −Drsdzrdys + Arsdzrdzs +Brsdzrdws
−Drsdwrdxs + Crsdwrdys − Brsdwrdzs + Arsdwrdws)},
where
Ars = x
rxs + yrys + zrzs + wrws, Brs = x
rys − yrxs + zrws − wrzs,
Crs = x
rzs − yrws − zrxs + wrys, Drs = xrws + yrzs − zrys − wrxs.
Let υ be an almost quaternioni struture on Bn admitting the stan-
dard loal basis
J1 =
n−1∑
r=0
(
− ∂
∂xr
⊗ dyr + ∂
∂yr
⊗ dxr + ∂
∂zr
⊗ dwr − ∂
∂wr
⊗ dzr
)
,
J2 =
n−1∑
r=0
(
− ∂
∂xr
⊗ dzr − ∂
∂yr
⊗ dwr + ∂
∂zr
⊗ dxr + ∂
∂wr
⊗ dyr
)
,
J3 =
n−1∑
r=0
(
− ∂
∂xr
⊗ dwr + ∂
∂yr
⊗ dzr − ∂
∂zr
⊗ dyr + ∂
∂wr
⊗ dxr
)
.
Then, (Bn, g, υ) is a quaternioni Kähler manifold. In fat, as some
omputations show, onditions (2.3), (2.4), and (2.5) are satised. The
Riemannian manifold (Bn, g) is homogeneous, hene omplete. More-
over, sine (Bn, g, υ) is onneted, simply-onneted and omplete, it is
a model of negative onstant quaternioni urvature. We further look
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for a homogeneous quaternioni Kähler struture S satisfying (5.3).
Sine ∇˜ξ = 0, we must nd a vetor eld ξ on Bn suh that
(5.10) ∇Xξ = g(X, ξ)ξ − g(ξ, ξ)X −
3∑
a=1
g(X, Jaξ)Jaξ.
The Kähler ase [18℄ suggests us the following proedure to obtain ξ.
Start with the Siegel domain
D+ = {(χ0, χ1, . . . , χn−1) ∈ HH(n) : Reχ0 −
n−1∑
r=1
|χr|2 > 0}.
The Cayley transform ϕ : Bn → D+ has inverse ϕ−1 given by
(χ0, χ1, . . . , χn−1) 7→ ρc
(χ0 − 1
χ0 + 1
,
2χ1
χ0 + 1
, . . . ,
2χn−1
χ0 + 1
)
.
Writing a0 = Reχ0 and ξD+ = 2c˜(a
0 − ∑n−1r=1 |χr|2)∂/∂a0, we take
ξ = ϕ−1∗ ξD+, whih is given expliitly by
ξ =
√
c˜ (1− c˜̺)
|q0 − ρc|2
{(
(x0 − ρc)2 − (y0)2 − (z0)2 − (w0)2) ∂
∂x0
+ 2(x0 − ρc)
(
y0
∂
∂y0
+ z0
∂
∂z0
+ w0
∂
∂w0
)
−
n−1∑
s=1
((
(ρc − x0)xs + y0ys + z0zs + w0ws
) ∂
∂xs
+
(
(ρc − x0)ys − y0xs − zsw0 + wsz0
) ∂
∂ys
+
(
(ρc − x0)zs − z0xs + ysw0 − y0ws
) ∂
∂zs
+
(
(ρc − x0)ws − w0xs − ysz0 − y0zs
) ∂
∂ws
)}
,
satises g(ξ, ξ) = c˜ and equation (5.10), so provides a homogeneous
struture of type QK3, with λ = c˜ in Theorem 5.4.
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